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Binary-outcome example

Y € {0,1} is Bernoulli

So its PMF is
fly:0)=0"x (1-0)'"v,  ye{0,1}.
Consider independent and identically distributed draws Y7,...,Y,.

These can be any sequence from {0,1}". Any given sequence y1, ..., Yn
occurs with probability

n

[T/ @i0) = 02ima ¥ x (1 - 0)" ™ 2ima ¥ = g (1 — g)"(=0n),
=1
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Given the data, Y7,...,Y,, we can think about this probability as a
function of 6:

Ln(0) = ﬁ F(Yi;0) = 6" x (1 — g)ni=Yo),

=1

This is the likelihood function.

It traces out how ‘likely’ it is to draw our sample if sampling is done
with success probability 6.

Let 0y be the success probability from which we sampled our data (this
is unknown to us).

The maximum-likelihood estimator of 6 is

6 = arg max Ly, (6).
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It is often easier to maximize the log-likelihood function

£4(6) = log L, (6) = log <H f(m@) = log f(Yi;6),

i=1 =1

which is just a monotonic transformation.
In our example
0,(0) = log <9m (11— e)"ﬂ—’?n)) = n¥,, log(6) +n(1—Y,)log(1—6),

with first-order condition

and global maximiser 6 = Y,,, the maximum-likelihood estimator.
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Normal distribution

Suppose now that Y ~ N(u,0?). The density function has parameter
0 = (u,0?) and equals

f(y;0) =

The likelihood function is

n

1 1 7-11 Yi — p)?
Lo(8) = Hf(yi;g) — Wexp <_2Zz—(02'“)> )

i=1

Note that here we use the density function, as the variable in question
is continuous.



The log-likelihood is

n

2y_ 1 n 2 1 (Y — p)?
o (p,0°) = —§log(27r) - glogo ~5 ; —
Maximising this with respect to g amounts to minimising the sum of

squares
n

> - w?

i=1
which gives i = Y,,. Given s = L 3" &2 = L35 (v, —[1)2, we have

2
. n n n s
én(,uaoj) = _5 log(Qﬂ-) - 510g0'2 - Eﬁa

with first-order condition

and solution §2 = s2.
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Justification for maximizing the likelihood

Under regularity conditions,

n" U ( Zlogf Y;; ) = E(log f(Y;0)) = £(0)

i=1

in a uniform sense. This function achieves its global maximum at 6.

p——r)
= log ( Y90>

Iy g)f(y;Go)dy
=10g/f(y 0) dy
=0

because [ f(y;0)dy =1 for any 6.
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Estimating equations

In regular problems the maximume-likelihood estimator is a stationary
point of the score equation

(1 2al0) 158 0log(0) _

80  n o0

i=1

Again, this can be seen as a sample counterpart to the population

problem
dlog f(Y;60)\
E ( 50 =0.
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The score

Let dlog (4:0)
og J\Y;
(y;0) = 20
be the score.
Note that
dlo ;0 af(y;0
lEe(S(Y;H))=/7gga(y )f(y;ﬁ)dy=/7féy9 )dy=0

as long as integration and differentiation can be interchanged.
So the score gives a valid estimating equation.

It is also the ‘optimal’ estimating equation, in a well-defined sense.
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Cramer-Rao bound

Consider a generic setting where an estimator 6 is unbiased for 6.

Unbiasedness means that

Ee<é—e>:/-~-/<é—e> (Hf(yi;m) dys - dyn = 0.

This holds for any 6 so we can take derivatives of both sides of this
expression to get

[ f =0y UL f0O) gy oy — f T, £ 0)) dys -y
Clearly, the right-hand side is equal to 1.
The left-hand side is equal to

covg (é, Dy S(Yi;G)) .
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To see this, note that
§o0log fif) g~ 1 0f(0if)
00 pt f(yi;0) 00

- Hﬁglf ij 0) of (yi;0)

i=1

S Hﬁ,ﬂ o)2@s0) 21100
- I1, f(y;:9) I, f<yj, 0)

using the chain rule on the differentiation of a product. Hence,

Ty f(vi;0) . dlog f(yi; -
18—9_ (Zag) (U (y;;0 )»

i=1
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So any unbiased estimator satisfies

covy (é, S sy 0)) =

By the Cauchy-Schwarz inequality

n 2 n
covy <é, Zs()ﬁ,ﬂ)) < varg(f) x varg (Z S(Yi;0)> .

Now,

varg (Z s(Y:; 0) ) Z varg (s(Y;;0)) = nvarg (s(Y;0)) =:nly
i=1

so then
1

0 < varg(f).

The lower bound is the Cramer-Rao bound and Iy is the information
(matrix).
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Cauchy-Schwarz holds with equality iff

lz I s(Y5;6).

23

In the Bernoulli problem

y—0
and
_ (Y —0)2\  varg(Y) 1
To = Eo (92(1 - 9)2> T 2(1-02 0(1-0)

Hence, the efficient estimator is
L1 - Y, -0 1
hl —— Y;
n g 9(1 -0 n Z

which was the maximum-likelihood estimator.
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Optimality

In general, the best unbiased estimator does not exist.

So the Cramer-Rao bound cannot be attained except in some simple
problems.

The maximume-likelihood estimator quite generally satisfies

A 1 &
—0==> I;'s(V;; -2
0—96 nz o s(Yi;0) +op(n”7?)

i=1

and so achieves the bound in large samples.
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Information matrix equality

Important component that leads to optimality of maximum likelihood
is the information equality,

dlog (Y0 9 log (Y0
o (24 s, (P

Can show this by differentiation the unbiasedness condition of the score:

Ey (W) z/%Wf(yﬂ)dy:O-
This gives
9*log f(y;0) ,, dlog f(y;0) Of(y;0) ,
/Wf(yﬁ)dy+/ 90 90’ dy =0
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But note that

f(y;ﬁ)dy—Ee(

000" 0000’
and that
dlog f(y;0) Of(y;0) , / dlog f(y;0) Olog f(y;0) ,,
/ 90 o W= a0 o JWw0)dy
which is

& <810gf(y; 0) dlog f(y; 9))
0 o0 o0’
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Limit distribution

In regular problems, «
_100,(0)
00

We can expand around 6 using the mean-value theorem to write

=0.

n

L, 00,(0) L 00,(00)  _,0%0,(0,) A
1 _ 1 1 _
"~ Tag T asae Y %)

Combining yields

. 20,00\ T, 00,(60)
_ | 1 I\ 1Ztn
(6= 60) ( YT ) " o0
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Here,

L0,(0,) 1= 9 log f(Yii6.) 9 log f(Y60)
17 "n\7*) _ _ — Z B\ Tn Tx) _ Z AP0 )
600" PO D T ( 2600 ) To

while

_17,04,,(60) dlo f Y o)
/2 9€nbo) o) _ Z g i Vo
n 90 \/47 4 ]\7(0,‘[9>.

By Slutsky’s theorem,

18/ 22



Conditional models

Often the model includes conditioning variables.

Can work with the conditional distribution

[yl 6).
In this case everything continues to go through as before, with

_ 9 log f(Y|X;6o)
Io=-E ( 9000’ ) '
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Binary outcomes

An example for Bernoulli outcomes is
E(Y|X ==x) = F(2'0).

Here,
fylz;0) = F(2'0)Y x (1 — F(2'6))' Y.

The log-likelihood function is
n
S Vilog(F(X]0)) + (1 - Yi) log(1 — F(X}0)).
i=1

This function is nonlinear in 6, with first-order condition

" F(X16)
2 N FRE 1 - PO

(Y; — F(X/9)) = 0.
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Tobit model

Classical linear regression model
Y*=X'B+e, e|]X ~ N(0,0%)

but we observe
Y = max(Y™,0).

The cumulative distribution is
PY <ylX)=PY =0X)+PO0<Y <y|lX)
which has
PY =0/X)=PY"*<0|X)=®(-X'8/0)=1—-d(X'B/0)
and for y >0

B(Y < y|X) = ® <W) ,

with density 1¢ (#) .
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The Tobit likelihood is

n leﬁ {Y;=0} 1 Y; — X;B {v:>0}
He-=(5) Ge()

It has both a probit component and a normal-regression component.

This is again a nonlinear problem.
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